
Theory ( Vitoby covering them forRedon
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Letµ bea Radon measure on
Aa Ird & B is e- familyof cloudless. t.
Five A : inf-{r : Bear) EB} =o . Thatis
everypoint a c-A is the center of an arbitrary
small ball BEB . Then I {Bibi , Bi EB
disjoint balls s. t . M (Al !Bi)=O .
Proof We may assume that pilot) > o . Firstwe
suppose that A- is bounded . Using thatpe is a
regular measure : IU4tRdopensetwithHmuHktfaQZEn@Y.shehe!Instant
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Hence Fi : petAtE Qld) .pe/BVegz..B)i -- I BEBi
We can find a finite subfamily B: CB ,
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cBi andthe elements ofBi aredisjoint

bolls we obtain that B'i consistsof disjointbolls sit
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Then the proof is finished exactly as the Vito.li
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We throw owvog of any balls from

B which is not Conte.

ivied in Tle . The collectionof balls is
still denotedbyB
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Then we repeat the steps above .
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Then we continue this & we construct BY; s. t .
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Which completes the proof . Bag

Now we prove an auxiliary theorem for Hausdorff
measures

Theorem A@ Let Eclrdbeen arbitrary set, s >o. Then
F Gard which is a Go-set Cintersection of

countably money open sets) s. t .

Ht) E c G & fl
'

(G)=N'CE) .

(b) If E is je-measurable& RslE)soo then
dy Ff Foiset, F-E &

.

N'CEIFI--o .
countebleeenionofcloseolset.SI

Booth If jest E)soo then G- IRDwilldo. Suppose thot
RstEt < 00 . For every i =L, 2, . .. We choose a

00

Fi - cover @i,j3* , satisfying .. Ui,j are open sets&
s

F- cy.%Ee.si , I Uicikiitticj & FEIUijkfl!E)the
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Then G is-Go set, E
-G

.

dloreovear

N'
÷
(Gte ftp.F-ttti . ⇒ N'CEI --N'cos

. irs

Using that every Go - set is aBorelseta Bone
sets are je

'
- regular we get thatWise regular

outer measure .

Proofed Let Eclrd be an fl
'
-measurable setwith

fl
'
CEI soo .

We use part cat . It says thotwe can

find open sets on
,
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, . . .
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. & o -- H'in?oilEI=NYI%)-the.
For every i we con find closedsets Feig.Moi as Lisa,
Fi
,

is an increasing sequence of sets,j¥Fij=q.
Hence

h÷%N'tEnFini) --HYEnoil-HIEI . '
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Let F. = !?Fij, .
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We know that Fae .in?oi . Hence
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Nowwe useportcos

for the set FIE . Namely
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Fa Go setG
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Fie-o & shot = thena

FIG C E & FIG is an fo- set .p . : .
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WlM4ZLHF>N'CEI- E .
For each s = fu , new

we construct such an Fo sett like FIG above them
they areall contained in E and their union is
still an Fg set whichhas the some measure
as E

. Da

In this way we haveproven the following .
If E is fl

'
-measurable & HIEI soothes

HYE is a Radon measure .

.

LenyaB- Let EdRd be an ft-measurable set
with festEl sooand let E -O . Then F 5=5CE

, si

s it . for any collection of Borel sets EUi3 with

o c l Uil ss we love H7EnUUiKElUil7Wq,
Proof from the definition of H? F s >o S.
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If IEt s § I Wit't Ez holds for any s - cover

{Wi } of E . Given Borel sets {this with
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Then -3 a S- cover {Vi} of

ftp.tlis.t .
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Notethat { Uis
,

U{ Vi 3, isa S- coverof E.
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together:
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Vitali CoveringTheorem for Hausdorffmeasures

Definition A collectionof sets V is callede Vitali

class for e set EclRdif the
E
, too F Ue Veith

XEU & Oc l U is d
,

Where lUl is thediameterof
.

set U .

Theory Let E4Rdbe an tf- measurable set
.
Let bea

Vitali class of closedsits for E. Then

84 We may selecta countable disjointsequence@i3icVs.t
.

either § lUit!Oo or Ll
'
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(b) If ftIE) soo then given E > 0, we may require thot
festEl E Ei Illit't E .
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Proof Fix s > o. W.
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We may assume that

fuk s holds forall the V. We selectan orbit -

way the V. Assume that Ue, . .. Um trovealreadybeen chosen
.

Let dm :=sup like Yan.I?Ui=oB
.

If dm=o then E a YmUi . In this case
part cat holds . If dm >o then we chaos Um+5T'

Uman Emilio & I-Um*at > 1dm .

Suppose that this process continuous
ad ifinitums . t.EE

,

tail 'sIfthis doesnot
hold thot isEE

,

Heil'=oo
' then we are ready with

the proofof Cal. For every we chaos anarbitrary
Xi Elli and we define Ba : = BCki, 31Uil).
Claim F- 'Fili em, Bi . .

Proof ofthe Claim et te El ¥jUi . We can choose
"

UEV s . t . tell & Uh !,UF0. This is so since thesets
⑥⇐ are closed & Vice Vitaly cover

. Using that
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.

Then

I j s . t . ka si Em ,
Un Ug.# of & tell e- 2 last .
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,
Hml> dmk . Hence dm - 21amKell . So,

by thedefinition of day wehave 3- jem s. t .

%o.

However
,
U n ¥7Ui =p by assumptionI

q
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So
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the jim④ satisfies kajem. From now

on we assume that ksjsm is the smallest#.↳④ holds
.

Then we claim thot

④µK2l . Namely
, -unluii..uUj,)=0@⑧

since Uj is the smallest indexedelementof
* honing non- empty intersection with U .

Recall thot djy-supk.NL : VEV, UI sdlies)
.

Hence
, tUkdif Outta other hand, by the
f g

definition of Uj:

#
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full diy tail This implies that ⑦holds .
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Clearly
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U - Bg. so the Claim is proved.
-
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Let d>o and let k be so large thot fish:/Biko.
Then

stole .io?uiKtl:lEiEuitetioCEni.VeI?il 's
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Hence

HIE !!
,

Ui)--O 'holds for all d>o .

So

HYE' .it?Ui)--a . This proves part cat .

Proof of Port lb) We may assume thot s-- see
,ax

is chosen as in the precious Lecuona B .

If Ig
,

flip= oo then ④ is proved. Otherwise,

if It
,

Illifsoo them by the previous LeannaB :
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